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Abstract

The performance of M-ary orthogonal signaling schemes employing Reed-Solomon (RS)
codes and redundant residue number system (RRNS) codes is investigated over frequency-
selective Rayleigh fading channels. ‘Errors-and-erasures’ decoding (EQD) is considered, where
erasures are judged based on two low-complexity, low-delay erasure insertion schemes - Viterbi’s
ratio threshold test (RTT) and the output likelihood ratio threshold test (LRT?). The proba-
bility density functions (PDF) of the ratio associated with the RTT and that of the demodu-
lation output in the LRT? conditioned on both the correct detection and erroneous detection
of M-ary signals are derived and the characteristics of the RTT and LRT? are investigated.
Furthermore, expressions are derived for computing the codeword decoding error probability
(CW-DEP) of RS codes or RRNS codes based on the above PDFs. The LRT? technique is com-
pared with Viterbi’s RTT, and both of these are compared to receivers using ‘error-correction
only’ decoding (ECOD) over frequency-selective Rayleigh-fading channels. The numerical re-
sults show that by using E’D, RS or RRNS codes of a given code rate can achieve higher
coding gain than that without erasure information, and that the LRT? technique outperforms

the RTT, provided that both schemes are operated at the optimum decision thresholds.
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I. INTRODUCTION

Forward error-correction (FEC) is often used for mitigating the effects of fading over
wireless communication channels. For most so-called ‘errors-and-erasures’ decoding (E*D)
schemes [1], erasures are preferable to error correction, since typically more erasures than
errors can be corrected. Hence, it is advantageous to determine the reliability of the received
symbols and erase the low-reliability symbols prior to the decoding process. There are a
number of methods for generating reliability-based side information and their performance
has been analyzed for example in [2]-[¥]

In this paper we consider the properties of the so-called ratio threshold test (RTT), which
was originally suggested by Viterbi [3] and those of our proposed likelihood ratio threshold
test (LRT?), which is defined during our further discourse. Both of them are then invoked
in the context of M-ary orthogonal signaling, in order to generate channel-quality related
information and - ultimately - to enhance the performance of M-ary orthogonal modulated
systems. Viterbi’'s RTT [3] was originally proposed for mitigating the partial-band inter-
ference or multitone interference, and when invoked as an erasure insertion scheme, it is
suboptimum, as discussed in [5][0]. However, it is practically the simplest erasure inser-
tion scheme, which is robust to almost all channel impairments. Kim and Stark [7] have
invoked it for mitigating the effect of Rayleigh-fading and have analysed the performance
limits of Reed-Solomon (RS) codes using E*D. The contribution of this paper is to
investigate the performance of both RS codes [9] and that of the novel class of
redundant residue number system (RRNS) codes [ |[I | hen M ary orthog
onal signaling is employed in con unction ith RTT or RT? based detection
over fre uency selective Rayleigh fading channels n contrast to the previously
published simulation based performance evaluation [ ][ ] or to analysing the per
formance limits [ ] in this contribution e derive the e act probability density
functions ( ) of both the RTT and the RT? at the demodulator s output
conditioned on both the correct detection and erroneous detection of the M ary
signals These s are then used to investigate the characteristics of the RTT
and RT? over the above mentioned Rayleigh fading channels and also to derive
the e pressions of the code ord decoding error probability ( ) The per

formance of the associated M ary orthogonal signaling schemes in con unction
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ith RS codes and RRNS codes using ? employing the RTT or RT? is then
estimated and compared to that using error correction only decoding ( )

ithout side information e also estimate and compare the optimum code rate
for RS codes upon employing di erent decoding schemes and di erent diversity
capability arrangements

RS codes | | constitute a so-called maximum-minimum distance class of codes, having the
capability of correcting detecting symbol errors. By contrast, the so-called RR S codes are
less widely known in the field of wireless communications. The so-called residue number
system (R S) arithmetic has drawn wide attention in computer science and in high-speed
parallel signal processing due to its fault-tolerant properties [I ]-[11]. Error control coding
theory using RR S codes has recently been substantially advanced [12]-[17], raising our
interest in investigating the properties of RR S codes in different application environments,
while extending its applications to new fields. Furthermore, the R S arithmetic and the
RR S codes have been proposed by the authors for parallel data transmission and protection
in wireless communications [15]-[1 ].

n R S is defined [I | by the choice of positive integers ( 12 ) referred
to as moduli. If all the moduli are pairwise relative primes, any integer , describing the
information symbols to be transmitted in this paper, can be uniquely and unambiguously
represented by the so-called residue sequence (1 o ) in the range < M where

(mod ) represents the residue digits of  upon division by ,and M [] ;

is the information dynamic range, ie the legitimate range of the information symbols

ccording to the so-called Chinese reminder theorem (CRT) [15], for any given -tuple
(1 2 ), where < , there exists one and only one integer such that
< M and (mod ), which allows us to uniquely recover the message  from

the received residue digits.

For incorporating error control [15][17], the R S has to be designed with redundant
moduli, which is referred to as an RR S code. n RR S code is obtained by appending an
additional ( — ) number of moduli 1 2 , to the previously introduced RS,
in order to form an RR S code of  positive, pairwise relative prime moduli. The so-called
redundant moduli have to obey > {1 2 }. ow an integer in the
range [ M ) is represented as an -tuple residue sequence, ( 1 o ) with respect to
the  moduli, and consequently form an RR S( ) code.

RR S and RS codes exhibit similar coding properties [13]-[15][17], both being so-called

maximum minimum-distance separable codes. n RR S( ) code, where the information
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dynamic range is [ [ ; ) and the total code dynamic range is [ [[ ; ), has a min-

imum distance of ( — 1) and hence it is capable of detecting ( — ) or less residue
digit errors and correct up to |[( — ) 2| random residue digit errors, where | | repre-
sents the largest integer not exceeding . n RR S( ) code is capable of correcting

random residue digit errors and simultaneously correcting residue erasures, if and only if
2 <( — )[l7]. further property of RR S codes is that the residue digits based on
different moduli can be processed independently of each other. Hence, as indicated in [17],
an RR S( ) code reduces to an RR S( — ) code after  out of the residue digits
are erased. The erased symbols are not required to be considered during the decoding of
RR S codes, and hence the E*D of RR S codes can be simplified to EC D of the reduced
RR S codes, consequently simplifying the decoding process.

RS codes and RR S codes exhibit similar distance properties and hence they are capable
of achieving a similar coding performance for identical-length RS and RR S codes. However,
the RS code symbols possess a constant base of 2 for -bit symbols, while RR. S code
symbols are related to a group of bases from the set of moduli { ; o }. The length

of RS codes is usually related to the legitimate range of code symbols given by 2 —1,
and short RS codes having a high symbol dynamic range can only be obtained by shortening
long RS codes. However, the decoding complexity of the shortened RS codes is typically
similar to that of the original codes [1|[ |. By contrast, it is relatively straightforward to
design arbitrary-length RR S codes having a large variety of symbol dynamic ranges.

The remainder of this paper is organized as follows. In Section IT we introduce the erasure
insertion test and the associated C -DE expressions. In Section III we derive the condi-
tional DFs of the RTT and analyse their characteristics, while Section [V investigates the
LRT? and its characteristics. The associated performance results of the M-ary orthogonal
signaling schemes invoking RTT and LRT? are provided in Section V, and finally, in Section

VI we present our conclusions.

II. R UR IN RTION T

ur initial discussions in this section are related to RS codes and RR. S codes. The sig-
naling scheme to be used from Section I1I onwards is the so-called M-ary orthogonal scheme
(23] employing the transmitter and receiver schematics of Fig.1, which will be described
during our later discussions.
Let 1 and represent the hypotheses that a received symbol is demodulated correctly

and erroneously, respectively, according to a given optimum detection criterion, such as
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the ( ) ( L)or

, etc. e refer to this detection of data as the 1-st stage decision, as indicated in
Fig.1. Let us denote the variable sub ected to an erasure insertion decision by . iven
that 1) was stipulated,  has a conditional density of (y| ). Then, the erasure

insertion strategy can be formulated as a 2-nd stage decision concerning erasure insertion,

in order to distinguish between the hypotheses

Erroneous demodulated symbol insert an erasure

1 Correct demodulated symbol output an RS or RR S code symbol

Let the observation space be denoted by R and assume that R and R, are the sets of
values in R that map into the decisions and 1, respectively, where R U R, R.
Let , and represent the correct symbol probability, symbol error probability and
symbol erasure probability, respectively, after the 2-nd stage decision of Fig.1 but before
FEC decoding. Then these probabilities can be expressed as

which obey the relationship of

ccording to Eq.(3) the erasure probability is constituted by two terms. The first term is
based on the hypothesis of | ie when a symbol was detected erroneously and hence erasure
is required, while the second term accrues from the unintentional erasure of a symbol, which
was detected correctly, due to its mapping into R . Consequently, in order to minimize the
decoding error probability for RS codes or RR S codes using E?D, the optimum erasure
insertion strategy to minimize the C -DE is that of maximizing the erasure probability
under the hypothesis - which corresponds to the first term of Eq.(3) - and, simultane-
ously, minimizing the erasure probability under the hypothesis 1, which corresponds to
the second term of Eq.(3). Then the erroneously demodulated symbols should be erased
with the highest probability, while the correctly demodulated symbols should be erased with
the lowest probability. The so-called Bayesian approach has been invoked in [5][0] for the
derivation of the optimum erasure insertion schemes that minimize the quantity of ,

when all code symbols of the alphabet are considered. Let us also invoke the minimization
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of Bayes’ risk, in order to obtain the decision subspaces of R and R;. Bayes’ risk is defined

as [O][2 ]
() 2> 1)) ()

where  is the cost or ‘penalty’ associated with deciding upon |, when  istrue, ( | )

is the conditional probability that indicates the probability of deciding upon , when is

true and, finally, ( ) is the of
Let us assume that there is no performance penalty or cost, if the decision ( 1)
is correct, ie 11 ,and let ¢ land 4 . Then the detector that minimizes

Bayes’ risk [2 ] opts for 1, if

6l ). ()
ol VS ()

therwise, the detector decides , if Eq.(6) is not obeyed, and hence we insert an erasure.

Explicitly, Eq.(6) can be interpreted as a LRT?.

(6)

Let { 1 o } be the decision variables of an M-ary orthogonal signaling scheme
in the context of making a decision, as to whether output an M-ary symbol or to insert an
erasure. Specially, if all decision variables (1 o ) are considered, the erasure
insertion scheme is optimum in the sense of of minimizing Bayes’s risk. In Viterbi’s RT'T

was defined as [3]
1 1 max { 1 2 }
2 2 max { 1 2 }

(7)

where ;| !'max{-} and 5 2 max{-} represent the maximum and the ‘second maximum’
of the decision variables of { | o }, respectively. If only is observed, this erasure
decision scheme is also optimum. However, since in the RTT only the maximum and the
‘second maximum’ of the decision variables { | » } are employed for making an
erasure insertion decision, hence the RTT is not optimum. By contrast, in our proposed

LRT?, is defined as
max{ 1 2 } (8)

where only the maximum, ie the actual demodulator output is observed. Hence the LRT? is
not the optimum decision metric either. However, our numerical results in Section V show
that the LRT? outperforms the RTT over the dispersive fading channels considered, which is
likely to be a consequence of the information loss due to the division of the maximum by the
‘second maximum’. e note further here that the LRT? is not suitable for channels having

partial or multitone interference, where the partial or multitone interference may result in an
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erroneous output associated with a high amplitude. By contrast, due to the similar effects
of partial or multitone interference on all correlation branches of the M-ary orthogonal
demodulator [3], Viterbi’s ratio defined in Eq.(7) is less prone to erroneous decisions, when
sub ected to interference. Due to the associated advantages and disadvantages of the RTT
and LRT?, in this contribution these metrics are studied comparatively. However, since the
optimum Bayesian erasure insertion approach is analytically untractable [5][0], where all
decision variables { 1 o } are considered, the analysis of this particular case is not
considered in this paper.

The decoding performance of RS codes or RR S codes can be quantified in terms of the
C -DE . | which can be computed as follows. Let 12 be

if the demodulated code symbol before FEC decoding is correct
1 if the demodulated code symbol before FEC decoding is erased ()
2 if the demodulated code symbol before FEC decoding is in error.

Since the () RS code or RR S code can correct any set of symbol errors and — symbol
erasures provided that 2 < (= ), the probability of codeword decoding errors, ,
using E2D can be expressed as
> (z ) )
1 1
If we assume that the positions of symbol errors and symbol erasures within a codeword

are independent, for example due to su ciently long interleaving, then the C -DE |,

can be expressed in the form of [(]

ZZ()(_) (1— - ) (11)

where () max{ — 1 -2}, and represent the symbol error probability
and symbol erasure probability before channel decoding, respectively, which are given by
Eq.(2) and Eq.(3). Eq.(11) lends itself to the computation of the C -DE | if the code is
not excessively long. However, if the RS or the RR S’s codewords are long, the well-known
aussian approximation [7] can be invoked, in order to simplify the computation, since
under the assumption that the symbol errors and erasures are independent, the term >
approaches a aussian distribution according to the central limit theorem, whose mean-
value is given by M >, ] ( 2 ) [7], and variance by % Var[}2 ; ]
1— —(1— =2 )% [7]. Consequently, the C -DE in Eq.(1 ) can be approximated
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as

where () isthe aussian -function, which is defined as () —= /[ exp (—5) , and

1 vV i- - -2
Ji- —(1- -2 )

, vV (i- -2
Ji- —(1- -2 )

where is the code rate.

2
&

Q

ote that since RR S codes use different bases or moduli for the different symbols’ repre-
sentation, the probabilities of and  for different symbols in a codeword are different
after the above-discussed 2 stage decisions. Hence the equations developed in this section
can only be used for approximating the performance of RR S codes using moduli, which are
close to each other. Fortunately, in practice the values of the relative prime moduli in RR S
codes are usually indeed selected to be as close as possible. Hence, if the RR S code is not
excessively long, satisfactory approximations using RS code based equations can usually be
achieved. Consequently, in our analysis, we will not distinguish between these codes, noting
that the equations constitute an approximation for RR S codes.

bove we have developed the erasure insertion theory for the E?D of RS codes or RR S
codes. on-binary RS and R S code symbols are amenable to transmission using M-ary
orthogonal signaling schemes. For example, an M-ary orthogonal signaling scheme using
M 6 , ie 6-bit symbols, has been proposed for the reverse link of IS- 5 [22]. Let us now
focus on studying the performance of the M-ary orthogonal signaling scheme employing RS
or RR S codes and using E?D.

III. URT R TUD O IT R 1 R UR IN RTION C O R

I DIN NN

Viterbi’s RT'T has been widely studied in different fading- and interference-impaired en-
vironments [3]-[8] using both analysis and simulations. In this section, we develop an ana-
lytical framework for invoking the RTT over frequency-selective fading channels by deriving
the DFs of the RTT under the hypotheses of 1 and .  ith the aid of these DFs,
we then analyse the distribution characteristics of the RTT and derive the decoding error
probability of RS codes or RR S codes.
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Consider the wireless communication system of Fig.1 using M-ary orthogonal signaling
over an independently and slowly fading Rayleigh channel, having resolvable multipath
components. Each signaling waveform in the symbol interval [ ) is equiproable and con-
tains the same energy . The received signal is corrupted by additive white aussian noise
( ) having double-sided power spectral density of 2. The noise associated with
each diversity component is assumed to be independent and identically distributed (iid).
The optimum receiver for each diversity branch is a matched-filter followed by a square-law
envelope detector [21] as shown in Fig.1.

Let 12 M 12 be the output of the square-law envelope detector
for the th symbol on the th diversity channel. ssume that the first element of the symbol
alphabet is sent. Then, the decision variables ( ;1 » ) after equal gain combining
(E C) can be expressed as [23] (pp.788)

1 12 17 (15)

P 23 M (16)

where is a complex zero-mean aussian random variable with variance , and
represents the complex channel coe cient. Since we have modeled the channel’s multipath
components by independent slow Rayleigh fading, the channel coe cient is also a
complex zero-mean aussian random variable with variance [ %], where [-] represents the
expected value of the argument. Consequently, the probability density functions ( DF) of
the decision variables ; and 23 M are chi-square distributed with 2 degree of
freedom [23](pp.78 ).  fter normalization by the DFsof ; and 23 M
can be expressed upon modifying roakis” approach [23](pp.78 , Egs. (1 - -31) and (1 - -
32)) as

O =y ) e o

= exp(— ) > 23 M (18)

where — — is the average signal-to-noise (S R) ratio per diversity channel.
The probability of error after LD, ie the of the erroneous decision
hypothesis  , as we discussed it in Section 11, is given by [23](pp.78 , Egs.(1 - - )), which

is expressed as
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e )Y — (1)

The of the correct decision hypothesis  is given by

(o 1= () (2)

Viterbi’s RTT was defined in Eq.(7). The DFs of the maximum and the ‘second maxi-
mum’ of ' max {-} and ?max {-} under the correct detection hypothesis of ; and under the
erroneous detection hypothesis of | as well as the corresponding DFs of the RTT defined
in Eq.(7) are derived in the ppendix I. The DFs of the RTT under the hypotheses of

and are expressed as

where the short-hand () was defined as

() exp(—=)> — (23)

and (2 1] ) 1 is the probability of 5 1 conditioned on the hypothesis

)

which is expressed as

TS T A B G B I G 2)

where (o] )and (4] ) were given by Eq.(38) and Eq.(36) or Eq.( 3) and Eq.( 1)
for the hypotheses 1 or | respectively. Consequently, the likelihood ratio of Eq.(6) for

the RT'T is expressed as

(25)
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where (| 1) and (| ) are given by Eq.(21) and Eq.(22), respectively.  ccording to
Eq.(25), the RTT can also be viewed as an LRT?.  ote that for RR S codes rather than
RS codes, M in the above equations should be replaced by the average value of the moduli
used, as we discussed previously.

The properties of Viterbi’s RTT can be studied with the aid of the DFsof ( | ;) and

( | ) shown in Fig.2 and Fig.3 for a range of parameters, which are summarised in the
figures. During our elaborations we used the signal-to-noise ratio per bit, which was obtained
by computing — logy, M, where log, M is the number of bits per symbol. From the
curves we observe that for a given value of M the peak of the distribution of (| ;)
will shift to the right-hand side, while that of (| ) is around = 1. Furthermore, we
observe in Fig.3 that the peak of the distribution of (| ) becomes lower, as the S R
per bit increases. However, we infer from Fig.2 that for a given value of  the peaks of
the distributions of (| ) become higher, when increasing the value of M, whilst the
distributions of (| 1) for different values of M are very close to each other.

The e ciency of Viterbi’s RTT in Eq.(7) depends on the distributions of ( | ;) and

(| ), specifically, on the overlapping area between these distributions. sually, in con-
unction with the RTT an erasure is inserted, if the RT'T’s output variable is lower than a
pre-set threshold, which has to be optimised. lternatively, according to Eq.(25), an erasure
can be introduced by observing the value of the likelihood ratio. If it is lower than a pre-set
likelihood ratio threshold, an erasure will be inserted. therwise, the demodulator passes a
code symbol to the channel decoder.

s to how we compute the optimum threshold mathematically, in order to minimize the

C -DE | still remains to be resolved. e have invoked Eq.(6) in order to minimize Bayes’
risk, however, it also includes the variable parameter , and consequently, we cannot solve
this equation for obtaining the optimum ratio threshold. Hence, the optimum ratio threshold
for the RTT or the required value of in Eq.(6) for obtaining the optimum ratio threshold
can only be found by numerical computation or simulation. Fortunately, for Viterbi’'s RTT,
according to the distributions of (| ;) and (| ) in Fig.2 and Fig.3, the optimum
threshold is typically fairly constant, associated with a value slightly higher than one.

Let  be a pre-set threshold invoked, in order to erase the low-reliability RS code symbols.

Then for the RTT, ,  can be computed with the aid of Egs. (1) and (2) as follows

(o-[ (1) (26)
(o[ ) 27)
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and the erasure probability ~ can be computed from Eq.( ). Finally, the C -DE can
be computed by substituting , and  into Eq.(11) or Eq.(12).

I . R UR IN RTION IN T ODU TION UT UT 1 I OOD TIO

R O D T

The distributions of the maximum of the decision variables, ie the demodulator’s output
using LD under the hypotheses of | and also exhibit distinguishable characteristics
and hence can be used in making erasure insertion decisions. Explicitly, we can opt for
deciding upon 4 or based on the observation of the demodulator’s output statistics,
ie erasures can be inserted based on the LRT? of the demodulator’s output statistics. This
claim will be supported by experimental evidence during our further discourse.

Let the demodulator’s output be denoted by , which is defined in Eq.(8). Then the
distributions of under the hypotheses 1 of correct detection and  of erroneous detection
are given by Eq.(36) and Eq.( 1)(See ppendix for the derivation), which are repeated here

for convenience

3T Lexp(— )[1= ()] 2[1— (1—_” > (2)

where (1) and ( ) represent the correct and erroneous detection probabilities, or the
of the 2nd stage detection of ; and , while () is given by Eq.(23).
The distributions of (| 1) and (| ) are shown in Fig. and Fig.5 for the same
parameters as in Fig.2 and Fig.3, respectively. From Fig.5 we observe that, for a given
value of M the distribution peak of (| ) will shift slightly to the right-hand side, when
increasing the S R per bit. However, the peak of (| ) will be around a constant value
of . In the example of Fig.5 we have = 1 . In other words, this value is usually higher
than 1 - a value, which was characteristic of (| ) for the RTT, as shown in Fig.2 and
Fig.3. For a given value of S R per bit of  and for different values of M, the distributions
of (| )and (| 1) associated with the LRT? are significantly different, and both of
them will significantly shift to the right-hand side, when increasing the value of M.
The likelihood ratio associated with the LRT? can be expressed as

Cl )
)

For a given decision threshold, the demodulated symbols associated with a likelihood ratio

(3)

lower than the threshold are considered to be low-reliability demodulated symbols and hence
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erasures are inserted in the corresponding positions of these symbols, before channel decoding
takes place.

The likelihood ratio of Eq.(3 ) is a monotonic function of | hence, for a given likelihood
ratio threshold | there exists a threshold . for which ,if . Hence, let
be a threshold, for which Eq.(3 ) ensures maintaining the required likelihood ratio . Then
the correct symbol probability, , and symbol error probability, , after erasure insertion

but before FEC decoding can be expressed as

and the erasure probability ~ can be computed from Eq.( ). Finally, the C -DE | |
after E*D can be computed by substituting into Eq.(11) or Eq.(12).

U RIC U T ND I CU ION

In this section the performance of RS and RR S coding using E2D is estimated and
compared with that of using EC D.

s an example, Fig.6 and Fig.7 show the C -DE of Eq.(12) over Rayleigh fading chan-
nels for the RS(32,2 ) code over the alois field F(32)  F(2 ) corresponding to 5-bit sym-
bols using E?D. In the computations for Fig.6, erasures were inserted according to Viterbi’s
RTT scheme, while in Fig.7, erasures were introduced according to the LRT? scheme. In
these figures, the codeword decoding error probabilities were computed for different values
of S R per bit and for different thresholds, in order to find the optimum thresholds for
both erasure schemes. From the results we observe that for a constant S R per bit,
and for both erasure insertion schemes, there exists an optimum threshold, for which the
E?D achieves the minimum C  -DE . Hence, an inappropriate threshold may lead to much
higher C -DE than the minimum seen in the figures.  bserve furthermore that for the
erasure insertion scheme using Viterbi’s RT'T the optimum threshold assumes values around
1.5 to 2. , even though the S R per bit changes over a large dynamic range from about 6 to
15dB. By contrast, for the erasure insertion scheme using the LRT?, the optimum threshold
value is more unpredictable, ranging from 6 to 11, when the S R per bit changes from 6
to 15dB. However, when using the optimum threshold for any given S R per bit value the
C -DE of the LRT? is lower than that of the RTT.

In Fig.8 we estimated the minimum S R per bit required for achieving the C -DE

of 1 x 1 | when using Eq.(11), for a given code rate . The required S R per
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bit was computed versus the code rate, , for the diversity orders of 1 2 3 and for
the 6 symbol long RS code family of RS(6 ) over the alois field F(6 ) F(2 ) using
EC D and E?D employing both the RTT erasure insertion scheme and the LRT? scheme,
respectively. The results imply that for all of the decoding schemes, the optimum code
rate, ie the code rate that can achieve the required C -DE with the lowest S R per bit,
increases, when increasing the order of the diversity combining capability. For example, for
6 -length RS codes using EC D, the optimum code rate for 1 is about . | for 2
is about .6, while for 3 it is somewhat higher than that for 2. The results also
show that, for any given code rate, the minimum required S R per bit for the EC D in
order to achieve the target codeword decoding error probability is higher than that for E?D.
Furthermore, the results of Fig.6-Fig.1 indicate that, for a given S R per bit, in the case
of optimum threshold setting for both RTT and LRT?, the LRT? outperforms the RTT.

In Fig. and Fig.1 the codeword decoding error probability performance of two specific
codes was evaluated against the S R per bit. The RS(32,2 ) code over F(32) F(2)
was studied in Fig. , while the RR S(1 ,6) code in Fig.1 with ten moduli taking values
of { 121,123,125,127,128,12 ,131,133,137,13 }, all of which are close to 128. This code can
correct a maximum of (1 —6) 2 2 symbol errors or correct a maximum of
(1 —6) symbol erasures. The first six moduli were the nonredundant moduli, while the
last four moduli were the redundant ones. From the results we observe that under frequency-
selective Rayleigh fading, for a constant S R per bit, for a constant number of diversity
components, and also under the assumption that the receiver invoked the optimum threshold,
the LRT? erasure insertion scheme outperforms the RTT scheme. e note furthermore that
the performance of identical-length RS( ) and RR S( ) codes using the same number
of bits per symbol is similar - provided that they both exist - since they are both maximum-

minimum-distance codes.

I. oNC U ION

In this contribution, the performance of RS or RR S coded M-ary orthogonal signaling
schemes using ‘errors-and-erasures’ decoding (E?D) have been investigated and compared to
that using ‘error-correction-only” decoding (EC D). The transmitted signals were sub ected
to frequency-selective Rayleigh-fading. Two simplest erasure insertion schemes, namely the
RTT and the LRT? have been proposed for quantifying the quality of the communication
channels. The probability density functions associated with the RTT and those with the

LRT? under the hypotheses of correct detection and erroneous detection have been derived
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and their properties have been analysed. The numerical results showed that the optimum
threshold for the RTT over frequency-selective Rayleigh-fading channel was in the range
of [1.5, 2], while for LRT?, the optimum threshold was more unpredictable, varying over
a wide range as a function of the average S R per bit. The numerical results also sug-
gested that over frequency-selective Rayleigh-fading channels the erasure insertion scheme
using the LRT? outperforms that using the RTT, provided that both schemes invoked the
optimum thresholds. The analysis in this paper can be readily extended to direct-sequence
code-division multiple-access (DS-CD ) wireless communication systems [25] using M-
ary orthogonal signaling and square-law detection. In our future work we will investigate
invoking the proposed channel quality measures in order to control the choice of M in
burst-by-burst adaptive duplex transceivers, which can be reconfigured as a function of the

instantaneous channel quality in their effort to maintain the required transmission integrity.

NDI
I. O T IR T 1 U T COND 1 U ND T IR R TIO
UND R T oT 1 O CORR CT D T CTION ND O RRON OU
D T CTION

In this ppendix, we derive the DFs of the maximum and the ‘second’ maximum of
the decision variables, { | o } of the demodulator, as well as those of their ratio
defined in Eq.(7). Both the hypothesis that the demodulator output is correct (1) and that
it is in error () are considered, when the channel is modeled as a frequency-selective slow
Rayleigh fading medium, where the DF's of the decision variables are given by Eq.(17) and
Eq.(18).

1

Let the maximum and the ‘second’” maximum of the decision variables be represented as

1 ' {1 2 } (33)
2 2 {1 2 } (3)

Then, the DF of ; conditioned on ; can be expressed as
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== of o] (35)

pon substituting the DFs of () and () from Egs.(17) and (18) into the above

Equation, we can simplify it as follows

Ty ) ot @

where the short-hand () is defined in Eq.(23).

Similarly, the DF of 5 conditioned on ; can be expressed as

(1)

MJ'_/ off ol o] (37)

ote that, in the third step of Eq.(37), we assumed that /1 is the ‘second’ maximum
amongst the decision variables, ie - . Substituting the DFsof and 5 from Eq.(18),
and the DF of ; from Eq.(17) into Eq.(37), we finally arrive at

LM .
() iy - O (7=) 2o

fter obtaining the DF's of the maximum and the ‘second’ maximum of the decision vari-
ables { 1 2 }, the DF of their ratio defined in Eq.(7), ie 1 2, conditioned
on the maximum being larger than the ‘second’ maximum ie on o 1 can be derived

using the approach of [2 |(pp.2 )

——=/ Gl e = )

where (o 1| 1) represents the probability of o 1 conditioned on the correct

detection of 1, which is quantified by Eq.(2 ).
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Finally, the distribution of the ratio in Eq.(7) associated with the RTT under the
hypothesis 1 of correct detection can be simplified to Eq.(21).

nder the hypothesis |, the DF of ; can be expressed as

()_(1 2 1 )

=) ol ol ol ()

fter using the corresponding DFsof ;and for /1, Eq.( ) can be simplified as

1 M -1 1 2
() iy eston- O 2 (7= =
The DFof (| ) conditioned on  can be expressed as

ar-a—f O ol o/ o] } o

where at the third step of the derivation, the ‘second’ maximum can be | or any one of
the other decision variables. t the fourth step, we assumed that was the maximum,

and /1 was the ‘second” maximum, when it was not ;. fter substituting the
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corresponding DFs in the above equation, we simplify it to

1 M-1 -

g LT o O IR

gain, the distribution of the ratio in Eq.(7) associated with the RTT under the hy-

pothesis  of erroneous demodulation can be simplified to Eq.(22) using Eq.(3 ) under the
hypothesis of
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